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A b s t r a c t  

The c o n d i t i o n s  f o r  resonance i n t e r a c t i o n  
between tdo i n s t a b i l i t y  waves i n  an ax i symmet r i c  
j e t  were i n v e s t i g a t e d .  C o n s i d e r a t i o n s  o f  t he  
energy  e q u a t i o n  o f  t h e  wave r e s u l t i n g  f rom the  
i n t e r i c t i o n  i n d i c a t e  t h a t  t h e  phase ang le  between 
the  dave- induced s t r e s s e s  and t h e  wave-induced 
s t r a i n s  p l a y s  a c r u c i a l  r o l e  i n  t h e  resonance 
i n c e r a c t i o n .  T h i s  f a c t  i s  demonst ra ted  exper imen- 
t a l l y  by  e c c i t i n g  a j e t  a t  fundamental  and sub- 
harmon ic  f r e q u e n c i e s .  The phase ang le  between t h e  
waves' s t r l s j e s  and s t r a i n s  was v a r i e d  by v a r y i n g  
t h e  i n i t i a l  p h a s e - d i f f e r e n c e  between t h e  two e x c i -  
t a t i o n  waves. The subharmonic resonance was found  
t o  be h i g h l y  dependent on  t h i s  a n g l e .  
agreement 'was found  between t h e  phase ang les  p re -  
d i c t e d  by  3 n o n l i n e a r  t h e o r y  and t h e  measured ones .  
The t h e o r y  i s  used t o  e x p l a i n  t h e  subharmon ic 's  
resonance i n  te rms o f  t h e  phase-angles.  

Favorab le  

I n t r o d u c t i o n  

The r e c e n t  i n v e s t i g a t i o n s  of Raman, R i c e ,  and 
YankSadi ( 1 9 8 8 )  has i n d i c a t e d  t h a t  i m p r o v i n g  j e t  
ini A ing  th rough  s i n g l e  f r e q u e n c y  e x c i t a t i o n  has i t s  
I i m i t a t i c n ; .  I n c r e a s i n g  t h e  a m p l i t u d e  of t h e  
imposed e x c i t a t i o n  a t  a g i v e n  S t r o u h a l  number 
i n c r e a j e s  the  g rowth  o f  t h e  momentum t h i c k n e s s  Of 
t h e  j e t  up t o  a c e r t a i n  l e v e l  o f  e x c i t a t i o n .  Fur -  
t h e r  i n c r e a s e  i n  t h e  e x c i t a t i o n  l e v e l  r e s u l t s  i n  a 
s a t u r a t i o n  c o n d i t i o n  beyond wh ich  no f u r t h e r  
i n c r e a s e  i n  j e t  m i x i n g  can be ach ieved .  The exper -  
i m e n t a l  o b s e r v a t i o n s  o f  Zaman and Hussa in  (1980) 
and Ho and Huang (1982)  have i n d i c a t e d  t h a t  a reso -  
nance mechanism can o c c u r  by wh ich  a subharmonic o f  
t h e  fundamenta l  a m p l i f i e s .  The t h e o r e t i c a l  i nves -  
t i g a t i o n  o f  Mankbadi (1985) has f u r t h e r  i n d i c a t e d  
t h a t  t h i s  subharmonic p l a y s  a c r u c i a l  role i n  con- 
t r o l l i n g  t n e  s p r e a d i n g  r a t e  o f  t h e  j e t .  T h e r e f o r e ,  
t h e  p r e s e n t  work i s  concerned w i t h  unders tand ing  
t h e  c o n d i t i o n s  a t  wh ich  resonance i n t e r a c t i o n  
o c c u r s .  By p r o p e r l y  choos ing  t h e  i n i t i a l  cond i -  
t i o n s  one may be a b l e  t o  produce resonance i n t e r a c -  
t i o n s  and thus  a c h i e v e  f u r t h e r  c o n t r o l  of  j e t  
sp read ing  o v e r  t h a t  wh ich  can be ach ieved  under  a 
s i n g l e  f r e q u e n c y  e x c i t a t i o n .  

The r2sonance o f  t h e  subharmonic r e s u l t i n g  
from i t s  i i t e r a c t i o n  w i th  t h e  fundamenta l  i s  sub- 
j e c t  t o  scleral pa ramete rs  such as the S t r o u h a l  
numbers. t h e  i n i t i a l  l e v e l s  o f  b o t h  t h e  fundamenta l  
and :'?e subharmonic,  t h e  t u r b u l e n c e  l e v e l ,  and t h e  
i n i t i a l  mean v e l o c i t y  p r o f i l e .  Fu r the rmore ,  for 
t h e  two-d imens iona l  shear  l a y e r  K e l l y  (1967) .  
Zhang, Ho, and Monkewi tz  (1984)  and Monkewitz 
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(1988) have i n d i c a t e d  t h a t  t he  i n t e r a c t i o n  between 
t h e  fundamenta l  and t h e  subharmonic i s  h i g h l y  
dependent on t h e  i n i t i a l  phase-d i f f e rence  between 
t h e  two waves. T h e r e f o r e ,  i n  a round j e t  under 
two- f requency  e x c i t a t i o n  one may expec t  t h i s  phase- 
d i f f e r e n c e  t o  p l a y  an i m p o r t a n t  ro le i n  t h e  subhar-  
monic resonance and i n  j e t  m i x i n g .  

Cohen and Wygnanski (1987) examined t h e  cond i -  
t i o n s  fo r  resonance i n t e r a c t i o n s  between two i n s t a -  
b i l i t y  waves. T h e i r  a n a l y s i s  i s  based on assuming 
a n o n d i v e r g e n t  mean f l o w .  The two i n t e r a c t i n g  
waves a r e  sma l l  w i t h  r e s p e c t  t o  t h e  mean f l o w  and 
t h e  wave r e s u l t i n g  f r o m  t h e  i n t e r a c t i o n  o f  t h e  two 
waves i s  much s m a l l e r  i n  a m p l i t u d e  than any o f  t h e  
two waves. By examin ing  t h e  second o r d e r  t e r m s  i n  
t h e  momentum e q u a t i o n ,  t h e  c o n d i t i o n  a t  wh ich  t h e  
p a r t i c u l a r  s o l u t i o n  becomes " s e c u l a r "  i s  t o  s a t i s f y  
one o f  t h e  f o l l o w i n g  c o n d i t i o n s :  

or 

Wm = W k  - W Q ;  f lm = nk  - nQ;  Um = Uk - UQ, 

where o i s  t h e  f requency ,  n i s  t h e  az imu tha l  
wave number and i s  t h e  complex wave number. 
S u b s c r i p t s  k and Q denote  t h e  i n t e r a c t i n g  waves 
w h i l e  m denotes  t h e  r e s u l t i n g  wave. Cohen and 
Wygnanski (1987) have taken  these  approx imate  con- 
d i  t i o n s  as t h e  resonance c o n d i t i o n .  

I n  t h i s  work we re-examine t h e  c o n d i t i o n s  f o r  
resonance i n t e r a c t i o n s  f o r  a d i v e r g i n g  j e t  based on 
t h e  energy  e q u a t i o n  o f  t h e  wave r e s u l t i n g  f rom t h e  
n o n l i n e a r  i n t e r a c t i o n .  The c o n d i t i o n s  on t h e  f r 2 -  
quency and a z i m u t h a l  dependency a r e  found  t o  be t h e  
same as t h o s e  o f  Cohen and Wygnanski ( 1 9 8 7 ) .  How- 
eve r ,  t h e  c o n d i t i o n  on  t h e  wave numbers i s  r e p l a c e d  
by a c o n d i t i o n  on  t h e  phase ang le  between t h e  wave- 
i nduced  s t r e s s e s  and t h e  wave- induced s t r a i n s .  To 
demonst ra te  e x p e r i m e n t a l l y  t h e  dependency on t h i s  
phase a n g l e  a round  j e t  i s  e x c i t e d  a t  a fundamenta l  
and i t s  subharmon ic .  The p h a s e - d i f f e r e n c e  between 
t h e  two imposed waves i s  measured a l o n g  t h e  j e t  for 
d i f f e r e n t  i n i t i a l  phase d i f f e r e n c e s .  Measurements 
o f  t h e  phase a n g l e s  a r e  used t o  v e r i f y  a n o n l i n e a r  
t h e o r y  f o r  p r e d i c t i n g  the  phase ang le .  The l a t t e r  
t h e o r y  i s  t h e n  used to p r o v i d e  a b e t t e r  unders tand -  
i n g  o f  t h e  c o n d i t i o n s  for  resonance i n t e r a c t i o n s .  

Energy C o n s i d e r a t i o n s  o f  t h e  Wave I n t e r a c t i o n s  

I n  t h e  f o l l o w i n g  we examine t h e  waves' energy  
exchanges. We c o n s i d e r  t h e  i n c o m p r e s s i b l e  f low o f  
a round  j e t  a t  h i g h  Reynolds numbers. The e f f e c t s  
o f  v i s c o s i t y  and t h e  t u r b u l e n c e  a r e  i gno red  i n  t h e  
p r e s e n t  a n a l y s i s .  

The Mean Flow-Wave I n t e r a c t i o n s  

We s p l i t  t h e  v e l o c i t y  components i n t o  mean 
and p e r i o d i c  components: 
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- 
y i ( x . r , + , t )  = u(x,r,$) + G ( x , r , @ , t )  

~ ( r , 1 - , $ , t )  = P ( x . r . 0 )  + i ( x , r , $ , t )  

and ( 2 . 1 )  

I L l i ,  i = i ,  2 ,  3 a r e  the v e l o c i t y  components i n  t h e  
a x i a l ,  r a d i a l  and az imu tha l  d i r e c t i o n s ,  respec-  
t i v e l y  a r d  P i s  t h e  p r e s s u r e .  ( - )  denotes t ime-  
a v e r a g i n g  w h i l e  ( - )  denotes  a p e r i o d i c  component. 
The p e r i o d i c  component i s  w r i t t e n  i n  terms o f  Four-  
i e r  components as :  

U i ( x , r , c $ , t )  = u i , , , (x , r )  exp(-io,t + i nm4)  

+ u i , e ( x , r )  e x p ( - i w Q t  + i n Q 4 )  

I 

+ U i , k ( X . r )  eXp( -ok t  + i n k @ )  + C.C. ( 2 . 2 )  

dhere C.C. denotes  a complex con juga te .  w i s  
t he  f requency  and n i s  t he  az imu tha l  number. The 
s u b s c r i p t s  k and 2 denote  the  i n p u t  waves w h i l e  
t h e  s u b s c r i p t  m denotes  t h e  wave produced by 
i n t e r a c t i o n .  

To d e r i v e  t h e  mean flow energy  e q u a t i o n ,  t h e  
decompos i t i on  (2 .1 )  i s  s u b s t i t u t e d  i n  t h e  f u l l  
momentum e q u a t i o n .  The f u l l  momentum e q u a t i o n  i s  
t hen  t ime-averaged and t h e  boundary - laye r - t ype  
a p p r o x i m a t i o n s  a r e  a p p l i e d  t o  t h e  mean q u a n t i t i e s .  
Upon i n t e g r a t i n g  o v e r  r, t h e  mean f l o w  energy  
e q u a t i c n  takes  t h e  fo rm:  

Thus, t h e  waves can i n f l u e n c e  t h e  mean flow On ly  
t h r o u g h  t h e i r  t ime-averaged Reynolds shear s t r e s s .  
N i t h  t h e  F o u r i e r  decompos i t i on  ( 2 . 2 ) ,  t h e  t lme-  
averaged wave Reyno lds  shear s t r e s s  reduces  to: 

uv  = u v' + uQv;l t ukv; + u Q v i  exp -"we - ~,) t  L - -  
m m  

+ i ( n Q  - n,)@] + ukv; exp [ - i ( w k  - w m ) t  

+ i ( n k  - nm)$ 1 + uQv; exp [ - i (we  - w k ) t  

+ i ( n Q  - + C.C. ( 2 . 4 )  

vhere  C . C .  or ( * )  denote  a complex con juga te .  
The t e r m s  a p p e a r i n g  i n  t h e  above e x p r e s s i o n  w i t h  
dependency on ( 4 )  a r e  g e n e r a l l y  z e r o  excep t  i n  t h e  
s p e c i a l  case where two o f  t h e  waves have t h e  same 
f requency  b u t  d i f f e r e n t  az imu tha l  numbers. For 
t h i s  p a r t i c u l a r  case ,  t hese  az imutha ly -dependent  
t e r m s  t a k e  the  form: 

uev; e x p l i ( n Q  - + C . C .  

I f  i n t e g r a t e d  o v e r  $ such a te rm averages t o  z e r o  
i n d i c a t i n g  t h a t  t hese  te rms do  n o t  c o n t r i b u t e  t o  
t h e  t o t a l  mean flow energy  i n  a s l i c e  o f  t h e  j e t .  
These terms o n l y  c o n t r i b u t e  t o  t h e  az imu tha l  r e d i s -  
t r i b u t i o n  o f  t h e  mean flow energy  i n  t h e  j e t .  
Equa t ion  ( 2 . 4 )  a l s o  i n d i c a t e s  t h a t  s i n g l e  e x c i t a -  
t i o n  w i t h  nonax isymmet r i c  waves cannot  d i s t u r b  t h e  
ax isymmet ry  o f  t h e  mean flow. These conc lus ions  
r e g a r d i n g  t h e  e f f e c t  of waves on t h e  mean flow a r e  
i d e n t i c a l  t o  those  o f  Cohen and Wygnanski (1987) .  

Energy o f  t h e  Wave R e s u l t i n g  f rom the  I n t e r a c t i o n  

We d e r i v e  he re  the  energy e q u a t i o n  3 f  t he  
m-wave r e s u l t i n g  f rom the  i n t e r a c t i o n  o f  t he  
k-wave and t h e  Q-wave. The t i n e - a v e r a g e j  ncmentum 
e q u a t i o n  i s  s u b t r a c t e d  from t h e  phase-averaged one. 
The r e s u l t i n g  momentum e q u a t i o n  i s  m u l t i o l i e d  by 
t h e  co r respond ing  v e l o c i t y  component o f  f requency  
w and t h e  t h r e e  components o f  t h e  momentilm equa- 
t i o n s  a r e  added and t i m e  averaged.  The r e s u l t i n g  
e q u a t i o n  i s  i n t e g r a t e d  o v e r  t h e  r a d i u s  and t h e  
boundary l a y e r - t y p e  approx ima t ions  a r e  a p p l i e d  t o  
t h e  mean q u a n t i t i e s .  The f i n a l  form o f  t h e  i n t e -  
g r a l  energy  e q u a t i o n  o f  t he  rn-wave i s :  

where 

- -  - 
= 0.5[ lG12 + l V ' l 2  + l G i 2 ]  ( 2 . 5 )  

The f i rst t e r m  i n  t h e  r i g h t  hand s i d e  o f  t h e  above 
e q u a t i o n  i s  t h e  energy  exchange between t h e  wave 
and t h e  mean f low. The second t e r m  i n  the  r i g h t  
hand s i d e  i s  t h e  wave-wave energy  exchange. T h i s  
t e r m  w i l l  be denoted  here  by W W .  

We v iew  t h e  resonance i n t e r a c t i o n  o f  t h e  two 
imposed p e r i o d i c  components as when t h e  wave-wave 
energy  exchange W W  i s  maximum. T h e r e f o r e .  i n  t h e  
f o l l o w i n g  we examine t h e  c o n d i t i o n s  a t  wh ich  t h i s  
t e r m  i s  maximum. Wi th  t h e  F o u r i e r  decompos i t i on  
g i v e n  i n  ( 2 . 2 )  t h i s  t e r m  i s  i d e n t i c a l l y  z e r o  excep t  
i f  t h e  f r e q u e n c y  w s a t i s f i e s  one o f  t h e  f o l l o w i n g  
two c o n d i t i o n s :  

a )  am = wk - w a .  I n  t h i s  case 

x r d r  d@ + C . C .  ( 2 . 6 a )  

b )  wm = wk t w e .  I n  t h i s  case 

x r d r  d@ + C . C .  (2 .6b )  

If i n t e g r a t e d  o v e r  4 ,  W W  as g i v e n  by equa- 
t i o n  ( 2 . 6 )  i n t e g r a t e s  t o  z e r o  excep t  i n  t h e  spe- 
c i a l  case where t h e  argument o f  the  e x p o n e n t i a l  
f u n c t i o n  i s  z e r o .  Th is  te rm thus  o n l y  r e d i s t r i b u t e  
a z i m u t h a l l y  t h e  wave energy .  For a nonzero  wave- 
wave energy  i n  a s l i c e  of t h e  j e t  the  az imu tha l  
number o f  t h e  r e s u l t i n g  wave must s a t i s f y  one o f  
t h e  f o l l o w i n g  c o n d i t i o n s :  

( 2 . 7 a )  Q n = n k - n  m 

2 



. 

0 

nm = nk + nQ (2 .7b)  

To examine the  c o n d i t i o n s  on the  x-dependency f o r  
resonance i n t e r a c t i o n  we  w r i t e :  

u ( x , r )  = u ( r ) F ( x )  + C.C. 

i](r) can be o b t a i n e d  as t h e  e i g e n f u n c t i o n  of t h e  
l o c a l l y  p a r a l l e l  l i n e a r  s t a b i l i t y  e q u a t i o n  f o r  each 
wave. F ( x )  i s  t h e  complex a m p l i t u d e  o f  each wave 
wh ich  can o n l y  be de te rm ined  from a n o n l i n e a r  
a n a l y s i s .  We can w r i t e  F ( x )  as :  

A 

,. 

ViE(x) i s  t he  magn i tude o f  t h e  a m p l i t u d e .  W i th  
p r o p e r  n o r m a l i z a t i o n  o f  t h e  e i g e n f u n c t i o n s ,  E ( x )  
r e p r e s e n t s  the  energy  o f  t h e  wave ac ross  t h e  j e t .  
q ( x )  i s  t h e  phase a n g l e  o f  t h e  wave's energy  
a m p l i t u d e .  

L e t  us denote  t h e  case where Eqs. (2 .6a )  and 
( 2 . 7 a )  a r e  s a t i s f i e d  as case I and t h e  case where 
Eqs. ( 2 . 6 b )  and (2 .7b )  s a t i s f i e d  as case 11. For 
b o t h  cases the  wave-wave energy  exchange can be 
w r i t t e n  as :  

where 

,. 

and 

= qm + qQ - qk + u 

= qm - qQ - qk + u 

f o r  

f o r  

or case I 1  

case I 

case I 1  

u i s  t h e  phase a n g l e  o f  I N .  We examine now t h e  
x-dependency o f  WW as g i v e n  by Eq. ( 2 . 8 )  I w  i s  
o b t a i n e d  f r o m  t h e  l o c a l  l i n e a r  s t a b i l i t y  t h e o r y  
f o r  a g i v e n  s e t  o f  S t r o u h a l  numbers. For  t h e  case 
o f  fundamenta l  subharmonic i n t e r a c t i o n  t h i s  func -  
t i o n  i s  shown i n  F i g .  1 .  The a x i a l  dependency i s  
r e p l a c e d  h e r e  by t h e  momentum t h i c k n e s s  wh ich  i s  a 
f u n c t i o n  o f  t h e  a x i a l  l o c a t i o n  ( x ) .  The S t r o u h a l  
number shown on t h e  f i g u r e  i s  t h a t  o f  t h e  fundamen- 
t a l .  For a g i v e n  S t r o u h a l  number, t h e  wave-wave 
i n t e r a c t i o n  i s  a f u n c t i o n  o f  IN, i t s  phase U ,  and 
t h e  energy  of  each wave (Eq. 2 . 8 ) .  The f i g u r e  
shows t h a t  t he  genera l  t r e n d  o f  IN  i s  t o  decrease 
w i t h  i n c r e a s i n g  t h e  momentum t h i c k n e s s .  Thus, t h e  
s m a l l e r  t h e  i n i t i a l  momentum t h i c k n e s s ,  t h e  
s t r o n g e r  the  wave-wave i n t e r a c t i o n  can be. A s  
Eq. ( 2 . 8 )  i n d i c a t e s ,  t h e  wave-wave i n t e r a c t i o n  i s  
p r o p o r t i o n a l  t o  t h e  p r o d u c t  o f  t h e  energy  l e v e l s  
o f  t he  t h r e e  waves. These l e v e l s  a r e  dependent on  
t h e i r  i n i t i a l  l e v e l s ,  among o t h e r  pa ramete rs .  
T h e r e f o r e ,  sma l l  a m p l i t u d e  e x c i t a t i o n  may n o t  
produce resonance i n t e r a c t i o n s  even i f  a l l  o t h e r  
c o n d i t i o n s  a r e  met .  F i n a l l y ,  we c o n s i d e r  t h e  
dependency o f  t h e  wave-wave i n t e r a c t i o n  on t h e  

3 

ang le  ( y ) .  A l l  f u n c t i o n s  appear ing  i n  Eq. ( 2 . 8 ) ,  
excep t  cos ( y ) ,  v a r i e s  m o n o t o n i c a l l y  w i t h  x .  I n  
genera l  cos ( y )  has an o s c i l l a t o r y  n a t u r e  t h a t  can 
cance l  t h e  wave-wave i n t e r a c t i o n  i f  i n t e g r a t e d  o v e r  
x .  To ach ieve  resonance i n t e r a c t i o n s ,  t h e  argument 
o f  t h e  c o s i n e  shou ld  i d e a l l y  be z e r o .  Th is  cond i -  
t i o n  can be w r i t t e n  as :  

0 ,  = qk - qQ - u f o r  case I 

( 2 . 9 )  

To examine t h e  p h y s i c a l  meaning o f  t h i s  c o n d i t i o n ,  
we can w r i t e  W W  as:  

+ + 
Where R and S a r e  v e c t o r s  r e p r e s e n t i n g  the  
r a d i a l l y - a v e r a g e d  s t r e s s e s  and s t r a i n s ,  respec -  
t i v e l y .  The c o n d i t i o n  s t a t e d  i n  Eq. ( 2 . 9 )  i s  thus  
e q u i v a l e n t  t o  r e q u i r i n g  t h e  wave- induced s t r e s s e s  
and t h e  wave- induced s t r a i n s  t o  be in -phase.  Equa- 
t i o n  ( 2 . 1 0 )  i n d i c a t e s  t h a t  t h i s  ang le  p l a y s  an 
e s s e n t i a l  r o l e  i n  t h e  subharmonic resonance.  I f  
y = 0",  we o b t a i n  maximum p o s i t i v e  energy  t r a n s f e r  
t o  t h e  o u t p u t  wave r e s u l t i n g  i n  t h e  resonance con- 
d i t i o n .  I f  y = 180" .  we o b t a i n  maximum energy  
d r a i n  f r o m  t h e  o u t p u t  wave r e s u l t i n g  i n  suppress-  
i n g  the  o u t p u t  wave. T h i s  l a t t e r  s i t u a t i o n  i s  
observed e x p e r i m e n t a l l y  as t h e  " v o r t e x - s h r e d d i n g "  
( e . g . ,  Monkewi tz ,  1987) .  I f  Y = 90" .  w'w = 0 wh ich  
i n d i c a t e s  n e g l i g i b  
m-wave deve lops  as 
a lmos t  n o t  p r e s e n t  

The c o n d i t i o n  
thus  be summarized 

e - i  n t e r a c t i o n s  and ' t h a t  t h e  
i f  t h e  o t h e r  two waves a r e  

f o r  resonance i n t e r a c t i o n s  can 
as f o l  lows:  

= nk - n e ,  > 
I 

$ " m = q k - + Q - U I  
I 

om = wk + W Q ,  nm = n t  + nk ,  I 

q m  = q k  + +Q - UJ 

The c o n d i t i o n s  on t h e  f requency  and on t h e  a z i -  
mutha l  number a r e  i d e n t i c a l  t o  those g i v e n  by Cohen 
and Wygnanski (1987) .  However, t h e  c o n d i t i o n  on  
t h e  phase a n g l e  i s  d i f f e r e n t  f r o m  t h a t  on t h e  wave 
numbers g i v e n  by  Cohen and Wygnanski. U n l i k e  Conen 
and Wygnansk i ' s  (1987)  a n a l y s i s ,  t h e  p r e s e n t  a n a l y -  
s i s  does n o t  r e q u i r e  t h e  f low t o  be n o n d i v e r g i n g  or 
t h a t  t h e  waves t o  be weak ly  n o n l i n e a r .  To examine 
t h e  r e l a t i o n s  between t h e  p r e s e n t  r e s u l t  and t h a t  
o f  Cohen and Wygnanski, we c o n s i d e r  t h e  axisymmet- 
r i c  case o f  fundamenta l -subharmon ic  i n t e r a c t i o n .  
The p r e s e n t  c o n d i t i o n  on t h e  phase ang le  reduces  t o  
t h e  form: 

y = 2 q s  - q f + u = O  ( 2 . 1 2 )  

where t h e  s u b s c r i p t  f denotes  the  fundamenta l  of 
f requency  Z W  and s denotes  the  subharmonic of 
f requency  W .  I f  we t a k e  t h e  phase ang le  t o  be 



a p p r o x i m a t e l y  g i v e n  by the  l i n e a r  s t a b i l i t y  
t h e o r y .  E ? .  ( 2 . 1 2 )  can be w r i t t e n  as :  

2ars x -arf x 90 + u = 0 ( 2 . 1 3 )  

where ar i s  t h e  r e a l  p a r t  of t he  complex wave 
number o b t a i n e d  as the  e igenva lue  of t h e  l i n e a r  
s t a b i l i t y  e q u a t i o n .  qQ i s  t h e  phase ang le  by 
wh ich  t h e  fundamental  i n i t i a l l y  l eads  the  subhar-  
mon ic .  
and Wygnanski i s :  

The co r respond ing  c o n d i t i o n  g i v e n  by  Cohen 

2 a r S  - arf = 0 (2 .14a)  

I t  can be shown t h a t  t h e  above c o n d i t i o n  i s  equ iva-  
l e n t  t o  r e q u i r i n g  equal  phase v e l o c i t i e s .  Cohen 
and Wygnansk i ' s  c o n d i t i o n  (Eq. (2.143.)) and t h e  
p r e s e n t  c o n d i t i o n  (Eq.  ( 2 . 1 3 ) )  becomes i d e n t i c a l  
under the  f o l l o w i n g  c o n d i t i o n s :  ( 1 )  t h e  l i n e a r  
s t a b i l i t y  t h e o r y  p r o v i d e s  a v a l i d  a p p r o x i m a t i o n  t o  
t h e  phase ang les  o f  t h e  waves, ( 2 )  t h e  i n i t i a l ,  
phase d i f f e r e n c e  between t h e  two waves i s  i gno red ,  
and (3) t h e  phase ang le  of I N ,  U ,  i s  s e t  i d e n t i c a l  
t o  z e r o .  

The a b i l i t y  of t h e  l i n e a r  s t a b i l i t y  t h e o r y  to  
r e p r e s e n t  the  a x i a l  v a r i a t i o n  of t he  phase ang les  
w i l l  be e<amined l a t e r  on i n  t h i s  work .  The e f f e c t  
o f  i n i t i a l  phase d i f f e r e n c e  on t h e  subharmonic r e s -  
onance cannot  be i g n o r e d .  
o b s e r v a t i c n s  for  a two-d imens iona l  shear l a y e r  
under  two-frequency e x c i t a t i o n  c l e a r l y  i n d i c a t e s  
t h a t  t he  i n i t i a l  p h a s e - d i f f e r e n c e  c o n t r o l s  t h e  sub- 
harmonic resonance.  The v a r i a t i o n  o f  t h e  ang le  (u) 
a l o n g  t h e  j e t  was shown i n  F i g .  1 .  The f i g u r e  
c l e a r l y  i n d i c a t e s  t h a t  t h i s  ang le  v a r i e s  cons ide ra -  
b l y  a long  the  j e t  and cannot  be s e t  equal  t o  ze ro .  

Cohen and Wygnanski (1987)  a t tempted  t o  demon- 
s t r a t e  e x p e r i m e n t a l l y  t h e  c o n d i t i o n  g i v e n  by 
Eq. ( 2 . 1 4 ) .  A j e t  was e x c i t e d  a t  288 Hz and t h e  
subharmonic a t  144 Hz was found t o  a m p l i f y .  When 
t h e  e x c i t a t i o n  f requency  was changed t o  144 Hz t h e  
co r respond ing  subharmonic a t  72 Hi! was n o t  amp l i -  
f i e d .  S ince  the  288 Hz wave and t h e  144 Hz wave 
have t h e  same phase speed w h i l e  t h e  144 and 72  Hz 
do n o t ,  t h e y  conc luded t h a t  t h i s  suppor t s  t h e  
c o n d i t i o n  g i v e n  by  Eq. ( 2 . 1 4 ) .  However, t h e  amp l i -  
f i c a t i o n  o f  t h e  subharmonic a t  144 Hz can be 
e x p l a i n e d  from t h e  l i n e a r  t h e o r y  s i n c e  i n  t h e i r  
exper imen t  the  144 Hz cor responded to  t h e  most 
a m p l i f i e d  wave w h i l e  t h e  7 2  Hz cor responded t o  a 
weak ly  a n p l i f i e d  wave. T h i s  f a c t ,  and n o t  t h e  
e q u a l i t y  of t h e  phase v e l o c i t i e s ,  can t h e r e f o r e  
e x p l a i n  t h e  subharmonic resonance when t h e  j e t  was 
e x c i t 2 d  a t  288 Hz. 

Monkew i t z ' s  (1987) 

Ac t i ; a l l y  Cohen and Wygnansk i ' s  (1987)  d a t a  
p r o v i d e  an example wh ich  c l e a r l y  v i o l a t e s  t h e  con- 
d i t i o n  o f  E q .  (2 .14 )  wh ich  for t h e  genera l  case 
takes  the  form 

a m  = a k  f a t  (2 .14b)  

I n  t h e i r  F i g .  7 ( c )  a j e t  was e x c i t e d  a t  two f r e -  
queqc ies  2 8 8  and 192 Hz. 
t h e  d i f f i r e n c e  96 Hi! was a m p l i f i e d .  If one s u b s t i -  
t u t e s  the  wave numbers (ar) as o b t a i n e d  f r o m  t h e  
l i n e a r  s t a b i l i t y  t h e o r y  co r respond ing  t o  these f r e -  
quenc ies ,  E a .  (2 .14b )  i s  about  50 p e r c e n t  i n  e r r o r .  
Th i s  suggests t h a t  t h e i r  c o n d i t i o n  on t h e  wave num- 
be rs  (Eq.  2 .14b) .  i s  o n l y  an approx imate  one. 

A wave co r respond ing  t o  

I n  t h e  f o l l o w i n g  w e  a t t e m p t  to demonst ra te  
e x p e r i m e n t a l l y  t h a t  the  phase-angle,  n o t  t h e  phase 
v e l o c i t y ,  c o n t r o l s  t h e  subharmonic resonance.  

Exper imenta l  Apparatus and Procedure  

The j e t  f a c i l i t y  c o n t a i n s  a 76-cm d iamete r  
plenum chamber, a two-stage c o n t r a c t i o n  f o l l o w e d  
by an 8.8-cm d iamete r  n o z z l e .  A 41-cm d iamete r  
s e c t i o n  l o c a t e d  between the  two c o n t r a c t i n g  sec- 
t i o n s  c o n t a i n s  t h e  e x c i t a t i o n  system, wh ich  
c o n s i s t s  of two L i n g  d r i v e r s .  These L i n g  e l e c t r o -  
pneumatic d r i v e r s  were used t o  produce t h e  h i g h  
e x c i t a t i o n  amp l i t ude  r e q u i r e d  f o r  t h e  p r e s e n t  s e c  
o f  t e s t s .  These d r i v e r s  have an e l e c t r o -  
d y n a m i c a l l y  ope ra ted  pneumatic v a l v e  capab le  of 
r e p r o d u c i n g  s i n e ,  random or any complex wave form 
and can genera te  up t o  4000 W o f  a c o u s t i c  power 
p e r  d r i v e r  w i t h i n  t h e  o p e r a t i n g  range.  A po lynomi -  
n a l  wave f o r m  s y n t h e s i z e r  i s  used t o  produce the  
two f r e q u e n c i e s  a t  t h e  d e s i r e d  i n i t i a l  phase- 
d i f f e r e n c e .  The wave fo rm s y n t h e s i z e r  genera tes  
wave shapes f r o m  user  s u p p l i e d  mathemat ica l  
e x p r e s s i o n s .  

The phase-d i f f e rence ,  /3, i n  t h e  exper iment  i s  
d e f i n e d  w i t h  r e s p e c t  t o  the  fundamenta l ,  i . e . .  

Exper imen ta l  R e s u l t s  

S ince  the  purpose here  i s  t o  examine t h e  
e f f e c t  o f  v a r y i n g  t h e  i n i t i a l  p h a s e - d i f f e r e n c e ,  i t  
i s  necessary  t o  show t h a t  t h e  o t h e r  i n i t i a l  parame- 
t e r s  a r e  k e p t  c o n s t a n t .  The e x i t  p r o f i l e s  o f  t he  
mean v e l o c i t y  and t h e  t o t a l  f l u c t u a t i o n s  a r e  shown 
i n  F i g .  2 f o r  a S t r o u h a l  number p a i r  o f  0 .2  and 
0 . 4 .  Both  the  u n e x c i t e d  and the  e x c i t e d  cases a t  
Bo = 90' and 270" a r e  shown f o r  a S t r o u h a l  numbe- 
p a i r  o f  0 . 2  and 0 .4 .  The f i g u r e  shows t h a t  t h e  
i n i t i a l  mean v e l o c i t y  p r o f i l e  f o r  b o t h  t h e  e q c i t i d  
and t h e  u n e x c i t e d  cases a r e  t h e  same. The e x i t  
momentum t h i c k n e s s  i s  0 .015 R,  where R i s  t h e  
n o z z l e ' s  r a d i u s .  For t h e  u n e x c i t e d  case t h e  t u r b u -  
l ence  i n t e n s i t y  a t  t h e  j e t  c e n t e r l i n e  and boundary 
l a y e r  a r e  2 and 8 p e r c e n t ,  r e s p e c t i v e l y .  S ince  
these t o t a l  f l u c t u a t i o n s  a r e  composed of t he  back- 
g rodnd t u r b u l e n c e  as w e l l  as the  imposed waves, t he  
t o t a l  f l u c t u a t i o n s  f o r  t h e  e x c i t e d  case inc reases  
o v e r  t h a t  of  t h e  u n e x c i t e d  case due t o  t h e  imposed 
waves. For t h e  e x c i t e d  case t h e  f i g u r e  i n d i c a t e s  
t h a t  t h e  l e v e l s  of  t h e  imposed f l u c t u a t i o n s  a r e  t h e  
same f o r  t he  Do = 90" and t h e  Bo = 270" cases .  

Dependency o f  t he  subharmon ic 's  a m p l i f i c a t i o n  
on t h e  i n i t i a l  p h a s e - d i f f e r e n c e .  The phase-averag ing  
techn ique  i s  used t o  educ t  t h e  fundamental and t h e  
subharmonic components a l o n g  t h e  c e n t e r l j n e  o f  t h e  
j e t .  The fundamental  and subharmonic a x i a l  v e l o c i -  
t i e s  a l o n g  t h e  j e t  c e n t e r l i n e  a r e  shown i n  F i g .  3 
f o r  s e v e r a l  i n i t i a l  p h a s e - d i f f e r e n c e s .  The funda- 
menta l  i s  n o t  s e n s i t i v e  t o  t h e  i n i t i a l  phase- 
d i f f e r e n c e  b u t  t h e  a m p l i f i c a t i o n  of t he  subharmonic 
i s  q u i t e  s e n s i t i v e  t o  t h e  i n i t i a l  p h a s e - d i f f e r e n c e .  
T h i s  i s  demonst ra ted  f u r t h e r  i n  F i g .  4 wh ich  i s  a 
p o l a r  p l o t  o f  t h e  subharmon ic 's  peak a g a i n s t  the  
i n i t t a l  phase ang le .  The f i g u r e  shows t h a t  t he  sub- 
harmonic i s  maximum a t  an i n i t i a l  phase-d i f re rence  
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o f  270" and i s  minimum a t  90". The i n i t i a l  phase- 
d i f f e r e n c s  can thus  r e s u l t  i n  e i t h e r  a subhar-  
mon ic ' ;  resonance or a subharmon ic ' s  suppress ion .  

One o f  the  f i n d i n g s  o f  t h e  energy  cons ide ra -  
t i o n s  i n  the  p r e v i o u s  s e c t i o n  i s  t h a t  t h e  wave-wave 
energy  exchange mechanism i s  p r o p o r t i o n a l  t o  
EsvEf. (Eq.  ( 2 . 8 ) ) .  Thus, t h i s  mechanism i s  
i m p o r t a n t  o n l y  when t h e  p r o d u c t  E,& exceeds a 
c e r t a i n  l e v e l .  T h i s  f a c t  i s  demonst ra ted  i n  F i g .  5 
by i n c r e a s i n g  t h e  fundamenta l  l e v e l  f r o m  1 to 
7 p e r c e n t .  The subharmonic-fundamental  i n i t i a l  
r a t i o  i s  k e p t  a t  1:15. Thus, i n  F i g .  5 b o t h  t h e  
subharmon ic ' s  l e v e l  and t h e  f u n d a m e n t a l ' s  l e v e l  a r e  
i nc reased  and hence E s f i  i s  a l s o  i n c r e a s e d .  
The i n i t i a l  p h a s e - d i f f e r e n c e  i s  k e p t  a t  270". F i g -  
u r e  7 c l e a r l y  i n d i c a t e s  t h a t  t h e  subharmon ic 's  

~ a m p l i f i c a t i o n  i n c r e a s e s  w i t h  i n c r e a s i n g  t h e  prod-  
u c t  o f  t h e  e n e r g i e s  
E q .  ( 2 . 8 ) ) .  

E,&. i n  accordance w i t h  

Development o f  t h e  p h a s e - d i f f e r e n c e .  I n  t h e  
p r e s e n t  secy ion  we examine t h e  development o f  t h e  
p h a s e - d i f f e r e n c e  a l o n g  t h e  j e t  and i t s  dependency 
on t he  i n i t i a l  c o n d i t i o n s .  

The p h a s e - d i f f e r e n c e  minus t h e  i n i t i a l  phase- 
d ' f f e r e n c e ,  p - Bo, i s  shown i n  F i g .  6 as a c o n t i n -  
uous f u n c t i o n  o f  x/D. The S t r o u h a l  numbers a r e  
0 . 2  and 0 . 4 ,  Mach number 0 .45 ,  b f  = 7 p e r c e n t ,  
U s  = 0 .5  p e r c i n t .  The f i g u r e  shows t h a t  t he  d e v e l -  
opment o f  :he p h a s e - d i f f e r e n c e  a l o n g  t h e  j e t  i s  
h i g h l y  i n f i u e r l c e d  by i t s  i n i t i a l  v a l u e .  T h i s  i n d i -  
c a t e s  t h a t  t h e  development o f  t h e  p h a s e - d i f f e r e n c e  
i s  a n o n l i n e a r  p rocess .  I n  a l i n e a r  t h e o r y ,  t h e  
phase ang les  a r e  g i v e n  by  t h e  l o c a l  mean flow 
parameters  ' r r e s p e c t i v e  o f  t h e  i n i t i a l  c o n d i t i o n s .  
The momentum t h i c k n e s s  a l o n g  t h e  j e t  f o r  Po = 90" 
and 270" a r e  shown i n  F i g .  7 .  The two v a l u e s  o f  
Bo 
monic a m p l i f i c a t i o n .  The f i g u r e  shows t h a t  t h e  
l o c a l  momentum t h i c k n e s s  i s  a lmos t  t h e  same f o r  
b o t h  va lues  o f  Po. S ince  i n  a l i n e a r  t h e o r y ,  t h e  
phase ang le  i s  de te rm ined  by t h e  l o c a l  mean f l o w  
parameters  ( i r r e s p e c t i v e  o f  t h e  i n i t i a l  cond l -  
t i o n s ) .  Tne f a c t  t h a t  t h e  momentum t h i c k n e s s  i s  
a lmos t  t h e  same f o r  b o t h  i n i t i a l  p h a s e - d i f f e r e n c e s  
i n d i c a t e s  t h a t  a l i n e a r  t h e o r y  cannot  be used t o  
p r e d i c t  t h e  development o f  t h e  p h a s e - d i f f e r e n c e  
a i o n g  :he j e t .  

phase a n g l e s ,  t h e  i n i t i a l  l e v e l  o f  t h e  fundamenta l  
i j  v a r i e d  f r o m  1 t o  7 p e r c e n t  o f  t h e  j e t  e x i t  
v e l o c i t y .  The r a t i o  o f  t h e  subharmonic t o  t h e  f u n -  
damental  a t  t he  e x i t  i s  k e p t  a lmos t  c o n s t a n t  a t  
1 . 1 5 .  F i g u r e  8 shows t h a t  t h e  i n i t i a l  l e v e l  o f  
t h e  fundamenta l  has a pronounced e f f e c t  on t h e  
development o f  t h e  p h a s e - d i f f e r e n c e  p a r t i c u l a r l y  
f o r  x /D  > 2 .  

P r e d i c t i o n  o f  t he  n o n l i n e a r  development o f  t h e  
p h a s e - d i f f e i e q c e  

>was cons ide red  by Mankbadi (1986) f o r  a l a m i n a r  
j e t .  The wave components a r e  taken  i n  t h e  form: 
u f  = F f ( x ) g F ( r - )  e x p ( - i w f t  t $I ) t C . C .  
I ( 4 . 1 )  
u = F-(u)u-(r) exp( - iw  t )  + C . C .  

u f  and u j  a r e  t h e  e i g e n f u n c t i o n s  o b t a i n e d  from 
t h e  s o i u t i c n  o f  t h e  l i n e a r i z e d  i n v i s c i d  momentum 

co r resoond  to  t h e  maximum and minimum subhar-  

To examine f u r t h e r  t h e  n o n l i n e a r i t y  o f  t h e  

The n o n l i n e a r  development o f  t h e  phase ang le  

- - 
0 - 

s >  S - - 

equa t ions  for  each wave component a t  t he  c o r r e -  
sponding f r e q u e n c y .  F f ( x )  and F s ( x )  a r e  the  
complex amp l i t udes  o f  t h e  fundamenta l  and i u b h a r -  
monic.  r e s p e c t i v e l y ,  which can be w r i t t e n  as:  

F f ( x )  ='t/tjGT e iy f  
( 4 . 2 )  

Comparing Eq. ( 4 . 1 )  t o  t h e  d e f i n i t i o n  o f  t h e  phase- 
ang le  i n  t h e  exper imen t ,  (Eq .  3 . 1 ) .  t h e  r e l a t i o n  
between I3 and y i s  g i v e n  b y :  

wh ich  g i v e s  Bo = - ( A f  - A ,  + y o ! ,  where 
denotes  t h e  phase ang le  o f  t h e  e i g e n f u n c t i o n  c .  
The e i g e n  f u n c t i o n s  a r e  n o r m a l i z e d  such t h a t  E f  
and E, r e p r e s e n t  t h e  energy  o f  each wave i n t e -  
g r a t e d  ac ross  t h e  j e t .  
n o n l i n e a r  development o f  t h e  phase ang le  o f  t h e  
subharmonic i s  o b t a i n e d  as follows. The n o n l i n e a r -  
i z e d  x-momentum e q u a t i o n  o f  t h e  t o t a l  p e r i o d i c  
v e l o c i t y  component i s  m u l t i p l i e d  by F;U; e x p ( i w t ) ,  

where ( * )  denotes  a complex c o n j u g a t e .  The 
y-momentum e q u a t i o n  i s  s i m i l a r l y  m u l t i p l i e d  by 
Fs (x )v ;  e x p ( i w t )  and the  x -  and y -equa t ions  a r e  

added and t ime-averaged.  T h i s  e q u a t i o n  i s  s i m p l i -  
f i e d  by a p p l y i n g  t h e  usua l  boundary - laye r - t ype  
approx ima t ions  t o  the  mean q u a n t i t i e s .  The r e s u l t -  
i n g  e q u a t i o n  i s  t hen  s u b t r a c t e d  from i t s  complex 
c o n j u g a t e .  A s i m i l a r  p rocedure  i s  used t o  o b t a i n  
an e q u a t i o n  f o r  t h e  f u n d a m e n t a l ' s  phase a n g l e .  The 
f i n a l  e q u a t i o n s  a r e  g i v e n  i n  Mankbadi (1986)  a s :  

Fundamental : 

A 

The e q u a t i o n  gove rn ing  the  

Subharmonic: 

where : 

The s o l u t i o n  o f  Eq. ( 4 . 3 )  i s  s u b j e c t  t o  t h e  i n i -  
t i a l  va lues  o f  t h e  phase a n g l e s .  

To compare t h e  r e s u l t s  o f  t h i s  n o n l i n e a r  
t h e o r y  w i t h  t h e  o b s e r v a t i o n s ,  t h e  e n e r g i e s  o f  t h e  
two waves E f ( x )  and E , ( x )  a r e  e s t i m a t e d  f r o m  t h e  
measurements o f  t h e  fundamenta l  and subharmonic 

5 



i e l o c - t i e s  for a g i v e n  s e t  o f  i n i t i a l  c o n d i t i o n s  
and aTe > s e d  a s  s p e c i f i e d  f u n c t i o n s  i n  s o l v i n g  
E q .  ( 4 . 3 ) .  

The s a l u t i o n  o f  Eq. (4 .3 )  f o r  i n i t i a l  phase- 
d i f f e r e n c e s  ,2f 90' and 270' i s  compared w i t h  t h e  
co r respond ipg  e r p e t i m e n t a l  da ta  i n  F i g .  9 .  S ince  
t h i s  i s  a n o n l i n e a r  t h e o r y ,  t he  development o f  t he  
2hase-d i f f e rsnce  depends on the  magnitude o f  each 
wave component and hence on the  i n i t i a l  c o n d i t i o n s  
wh ich  a r e  taken f r o m  t h e  exper iment .  The f i g u r e  
shows t h a t  t he  p r e d i c t i o n  o f  t h e  p r e s e n t  n o n l i n e a r  
t h e o r y  ccmpares f a v o r a b l y  w e l l  w i t h  t h e  da ta .  The 
t h e o r y  i n d i c a t e s  t h a t  t h e  phase-d i f f e rence  
inc reases  a l m g  t h e  j e t  and i s  l a r g e r  a t  
than the  c o r r e s p o n d i n g  phase-d i f f e rence  a t  
bo = 270". The same f e a t u r e s  a r e  e x h i b i t e d  i n  t h e  
measured d a t a .  The p r e d i c t i o n  o f  the  phase- 
d i f f e r e n c e  i s  a l s o  compared w i t h  the  measured d a t a  
i n  F i g .  10 f o r  a S t r o u h a l  number p a i r  o f  0.3 and 
3 . 6 .  The f i g u r e  shows reasonab ly  w e l l  comparison 
between t h e o r y  and o b s e r v a t i o n s .  However, t h e  
t h e o r y  dces n o t  q u i t e  match the  exper iment .  As x 
i nc reases  the  t u r b u l e n c e  i n t e n s i t y  i nc reases .  The 
p r e s e n t  t h e o r y  i g n o r e s  the  background t u r b u l e n c e  
Hh ich  accounts  for t h e  d e v i a t i o n  between t h e  t h e o r y  
and t h e  o b s e r v a t i o n s .  

p = 90" 

Conc lus ions  

The c s r j i t i o n s  f o r  subharmon ic 's  resonance i n  
i two-frequeicy e x c i t a t i o n  o f  a round j e t  were 
;nves : iga ted .  The d a t a  i n d i c a t e  t h a t  t h e  subhar-  
mcnic r e s o n a i c e  i s  s t r o n g l y  dependent on t h e  i n i -  
t i a l  a h a s e - d i f f e r e n c e  between t h e  two imposed 
. ~ a v e s .  Subharmon ic 's  resonance i s  v iewed i n  terms 
a f  t he  energy  t r a n s f e r  f r o m  the  fundamental  t o  t h e  
j ubharmon ic .  T h i s  ene rgy  t r a n s f e r  i s  opt imum when 
;he sJbnarmcq ic - induced s t r e s s e s  a r e  in-phase w i t h  
t h e  f,Jndarnental induced s t r a i n .  The i n i t i a l  phase- 
d i f f e r e n c e  between t h e  two imposed waves c o n t r o l s  
t h e  s t r e s s - s t r a i n  ang le  and de termines  whether t h e  
fundamental-subharmonic i n t e r a c t i o n s  would r e s u l t  
i n  enhanc ing  o r  suppress ing  t h e  g rowth  of t h e  
subharmonic.  
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FIGURE 1. - THE WAVE-WAVE INTEGRAL I, AT DIFFERENT 
STROUHAL NUMBERS OF THE FUNDAMENTAL. ( a )  MAGNITUDE. 
(b )  PHASE. 
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FIGURE 2. - THE E X I T  PROFILES OF THE MEAN 
VELOCITY AND THE TOTAL FLUCTUATIONS. 

( c )  EXCITED AT Po = 270'. 
( a )  UNEXCITED. (b )  EXCITED AT po = goo. 
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FIGURE 3. - PHASE-AVERAGED FUNDAMENTAL'S AND SUBHARMONIC'S AXIAL VELOCITY 
COMPONENTS AT SEVERAL I N I T I A L  PHASE-DIFFERENCES, 
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FIGURE 4. - POLAR PLOT OF THE RAXIMUM OF THE SUBHARMONIC 
AS A FUNCTION OF THE I N I T I A L  PHASE-DIFFERENCE. 
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FIGURE 5. - DEPENDENCY OF THE SUBHARMONIC‘S AJ”L1FICATlON ON THE I N I T I A L  
LEVELS. 
Po = 270’. 

MACH NUMBER = 0.45 AND STROUHAL NUMBER PAIR = 0.2 AND 0.4 AT 
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FIGURE 6. - MEASURED PHASE-DIFFERENCE BETWEEN THE TWO WAVES FOR SEVERAL 
I NIT1 AL PHASE-DIFFERENCES , 
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FIGURE 7. - THE LOCAL MOMENTUM THICKNESS UNDER TWO- 
FREQUENCY EXCITATIONS AT Po = 90' AND Po = 270'. 
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FIGURE 8 .  - EFFECT OF THE I N I T I A L  LEVEL OF THE FUNDAMENTAL ON THE DEVELWMENT OF THE 

PHASE-DIFFERENCE ALONG THE JET. THE SUBHARMONIC'S I N I T I A L  LEVEL IS 1/15 OF THAT OF 
THE FUNDAMENTAL. 
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FIGURE 9. - COMPARISON BETWEEN PREDICTED AND MEASURED 

-720 I 

PHASE-DIFFERENCE FOR Po = 90' AND Bo = 270'. OTHER 
INITIAL CONDITIONS ARE THE SAME AS IN FIGURE 4 .  
( a )  po = 90'. (b )  Po = 270'. 

( a )  
-1200 I 

.+ 
E1 

Po = 180' 

+0° r 
-80d 1 

-400 - 

-600 - 

-80d - 

0 1 2 3 4 5 
W D  

FIGURE 10. - COMPARISON BETWEEN PREDICTED AND MEASURED 
PHASE-DIFFERENCES ALONG THE JET FOR A STOUHAL NUMBER 
PAIR = 0.3 AND 0.6. ( a )  Po = 90'. (b )  Po = 180'. 
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